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Introduction
The work presented in this paper is part of some 
ongoing efforts to model combustion and ignition 
processes of propellants and pyrotechnics.2–7 The 
aim of this work is not a perfect simulation of a 
certain process but to investigate single effects and 
their consequences on a system and the method 
applied is to make parameter studies resulting in a 
better understanding of the principal combustion 
mechanism. For a parameter study it is necessary 
to perform a greater number of calculations. There-
fore models and codes are needed which are fast 
enough to do this in a reasonable time. As a conse-
quence the models have a reduced complexity but 
high performance. This paper concentrates on a 
model, which is called Hot-Spot Model.

Model Description
From a physical point of view combustion processes 
are mainly dealing with heat transfer: it means heat 
is generated and consumed by different processes 
at different locations. Pyrotechnics are usually 
solid materials. Therefore the model description 
starts with the partial differential equation of heat 
transfer in a solid, where convective effects can be 
neglected (equation �, below).
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There are several analytical and numerical methods 
to solve the differential equation. Here Green’s 
method� is chosen because, if the appropriate 
Green’s function for the homogeneous problem is 
known, it only has to be integrated with the source 

term of the differential (equation 2, below).
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The Green’s function for the above differential 
equation in three dimensions is a Gaussian-like 
function (equation 3, below).
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The great advantage of this method is that 
numerical integration is a much faster and a much 
more stable process than differentiation.

The next step is to choose the source terms. Two 
types of heat sources may be considered. One is 
the combustion enthalpy of the chemical reaction 
of the material. The simplest reaction is of 0th 
order described by an Arrhenius term.
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The other one is the ignition energy which is 
introduced in the system at a certain moment to 
start a reaction. This is the hot spot and it can be 
described by a Gaussian function or a Dirac delta 
function (equation 5, overleaf).

If there are only hot spots, integration can be 
done analytically. But this is not possible with 
the Arrhenius term for the chemical reaction. 
Therefore numerical integration is needed. The 
algorithm used for this purpose mainly consists of 
three steps. The first step is to generate an initial 
temperature profile resulting from the initially 
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given hot spots (equation 6).

In the second step the progress of the chemical 
reaction for a small time step ∆t is calculated 
(equation 7). The third step is to calculate 
the heat diffusion for the same time step ∆t by 
integrating the convolution of the temperature 

profile and the Green’s function (equation 8).

Steps 2 and 3 are repeated for every time step. Step 
� can be included as often as new hot spots occur.

From the above description the following features 
can be mentioned: the model is a transient one 
and it describes the heat generation by a chemical 

Figure 1 Temperature profile for a burning particle at the right corner.



Q x t Q ehs

x y z

x x y y z z

x y,[ ] =
( )

⋅
−

−( )
+

−( )
+

−( )
0

3
2

2 2

2

0
2

2
0

2

2
0

π σ σ σ

σ σ

22

22
0

σ
δz t t












⋅ −[ ] (5)

T x t Q

c
e

p x y z

x x y y zi

x

i

y

�
0

3
2

2 2

2

2

2

2

2
,

' ' '

[ ] =
( )

⋅
−

−( )
+

−( )
+

−

ρ π σ σ σ

σ σ

zz

i

n
i

z t t
( )











=
















⋅ −[ ]∑

2

22

�

σ
δ ' (6)

T x t T x t q Z
c

e treac

p

E
R T x t T

2 �
� 0 



, , ,[ ] = [ ]+ ⋅ ⋅ ⋅
−

[ ]+( )
ρ

∆ (7)

T x t
c

t
e T x t dxp

c x x
t

p

3

3
2

4
24

2

 

 

, , '
'

[ ] = 







 ⋅ ⋅ [ ]⋅−

−( )

∫
ρ
πλ

ρ

λ

∆
∆ ddy dz' ' (8)



Journal of Pyrotechnics, Issue 23, Summer 2006  Page 89

reaction and the heat transport by conduction.

Fuel and oxidizer particles as sources of matter can 
also be described as hot spots. Including diffusion 
they can react as soon as gaseous fuel and oxidizer 
come into contact. The model does not include 
any convection or radiation. Implementing the 
model into computer code, we developed several 
versions of the model for different purposes. One 
version includes phase transition.

To run the program three types of parameters are 
necessary:
• Different spatial and temporal distributions 

of hot spots: energy, size and number of hot 
spots

• Material parameters: density, heat capacity, 
heat conductivity, diffusion coefficient

• Reaction parameters: maximum tempera-
ture, Arrhenius-parameters (frequency factor 
and activation energy)

The calculations result in two-dimensional temp-
erature and concentration profiles for every time 
step, and in heat output, pressure and chemical 
rate over time.

Results
Single particle combustion

First implementation is a one-dimensional version 
of the model. It describes a single particle in 
a reactive atmosphere. As spherical symmetry 
is assumed one spatial dimension is enough to 
describe evaporation or gasification of the particle 
and succeeding combustion. The phase transition at 
the particle surface is implemented as an artificial 
high concentration. No heat transfer to the interior 
of the particle is included. Although these are very 
strong simplifications there are some interesting 
results.

Figure 1 gives the temperature profiles in a 3 D 
plot. The front edge is the spatial axis and the left 
side is the time axis. The evaporating particle is 
placed at the lower right corner. As no heat transfer 
into the particle is included its temperature is set 
to zero. The surrounding gaseous oxidizer has a 
temperature of 500 K that is enough to evaporate 
a small portion of the particle and to start the 
reaction. In this Figure the evaporation ends when 
temperature reaches the time axis on the right side. 
The flame is marked by the region of the highest 
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Figure 2 Burning time tb = tv − ti vs. initial radius and parabolic fit.
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temperature.

Calculations with different initial radii leads 
to corresponding evaporation times tv for the 
particles. If ignition time ti is defined as the time 
to reach the flame temperature then the burning 
time tb = tv − ti can be fitted by a parabolic function 
(Figure 2). This is well known as the r2-law from 
theory8 as expressed in equation 9, overleaf.
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On the other hand if the flame position as the 
location of the highest temperature is taken from 
the same calculations Figure 3 results. As can 
be seen the flame moves with time. There is no 
constant distance to the particle surface and the 
flame exists much longer than the particle. Simple 
expressions to describe these findings like the r2-
law can not be found in theory, but measurements 
on burning droplets show a similar behavior.9

Ignition with hot particles

For the investigation of ignition processes with 
hot particles a full three-dimensional version 
was developed. A reactive material is hit by hot 
particles which are used as heat sources to start 
the chemical reaction of the reactive material. 
Figure 4 displays a short series of temperature 
profiles. From left to right it shows the initial 
state when the particles hit the reactive material. 
Then the heat spread and chemical reaction of the 
material produces additional heat. Finally a closed 
reaction front is formed.

The amount of heat produced and the resulting 
temperature can be used as a measure for the 
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Figure 3 Flame position as location of the highest temperature vs. time.

  

 

Figure 4 Series of temperature profiles for 
ignition with hot particles.
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progress of the reaction. In Figure 5 it is called 
normalized conversion. The time derivation of 
this quantity is the conversion rate. The peak at 
the beginning of the curve of the conversion rate 
results from the fact that at the beginning every 
particle has its own reactive sphere. Later these 
spheres overlap and the total reactive area reduces 
(see Figure 4). Then the reaction of the material 
goes to a steady state burning.

Reacting particles

In most cases pyrotechnic mixtures are constituted 
from granular components, i.e. fuel and oxidizer 
are reactive particles. In the framework of this 
model they can be described as sources of material 
which then react and produce heat. In addition 
to the temperature concentration profiles are 
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Figure 5 Normalized conversion and conversion 
rate during ignition with hot particles.

Figure 6 Temperature and concentration profiles for eight fuel and eight oxidiser particles of same size. 
A thermal hot spot at the center ignites the material. From left to right: temperature, fuel concentration, 
oxidiser concentration, product concentration.
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calculated. Figure 6 gives a short series of profiles 
for temperature, fuel concentration, oxidizer 
concentration and product concen-tration. The 
reaction of the particles is started by a thermal hot 
spot in the center.

For the results displayed in Figure 7 the number 

of particles and the distance between the particles 
were varied. The size was the same for all particles. 
As expected the best burn out is achieved for the 
smallest distance between the particles. For more 
than one particle there is a step in the curve.

Usually the particles of the oxidizer and the fuel are 

  

0 5 10 15 20 25 30
0.000

0.005

0.010

0.015

0.020 Distance between Particles
 small
 medium
 large

p

t
     

0 5 10 15 20 25 30
0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.10
Distance between Particles

 small
 medium
 large

p

t
     

0 5 10 15 20 25 30

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

0.45

p

t

Distance between Particles
 small
 medium
 large

Figure 7 Conversion for 1, 2 and 8 particles of fuel and oxidizer of same size (from left to right) and dif-
ferent distances between the particles.

Figure 8  Temperature and concentration profiles for fuel and oxidizer particles of different size. A ther-
mal hot spot ignites the particles. From left to right: temperature, oxidizer concentration, fuel concentra-
tion, product concentration.
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of different size. Figure 8 shows an example with 
a series of temperature and concentration profiles 
where large oxidizer particles are surrounded by 
smaller fuel particles. 

Varying the initial amount of fuel leads to different 
oxidizer-fuel ratios. Figure 9 gives the curves of the 
total amount of oxidizer, fuel and product vs. time 
for three different O/F ratios. The best O/F ratio 
depends on the type of the chemical reaction. 

In Figure �0 the heat output of the reaction is given 
dependent on the energy of the initial thermal hot 
spot. As can be seen the influence of this parameter 
is less important if the energy is high enough to 
start the reaction.

Conclusion

As the examples show the hot-spot model is a 
useful tool to make parameter studies. Parameters 
that can be varied are number, size and distribution 
of particles and some material properties (cp, λ, ρ, 
D). Simple chemistry is included. The computer 
code runs fast and is very stable because there is no 
need to calculate derivations numerically. Further 
steps will be to include phase change also in the 
3 D version and more complex chemistry. After 
validation a lot of calculations have to be done 
studying the influence of the different parameters.
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